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This paper uses recursive competitive theory to develop a general equilibrium asset pricing
model. In this framework all prices and rates of return are endogenously determined, thus enabling
us to analyze the effects of changes in preferences, technological uncertainty, and expectations
on the structure of security prices. In particular we focus on how the market risk premium varies
with changes in the underlying economic environment, an issue which other asset pricing models
have chosen not to address.

1. INTRODUCTION

Capital market theory has made significant advances over the last fifteen years. In
particular, the pioneering two parameter capital asset pricing model of Sharpe (1964),
Lintner (1965), and Mossin (1966) and its subsequent generalizations and extensions
provide the first rigorous theory of the allocation and pricing of risk.! The appeal of this
literature is further enhanced by the testable hypothesis it conveniently provides.

A major shortcoming of these models, however, is that they assume an exogenously
specified returns generating process; that is, unlike in the Arrow-Debreu tradition, the
security prices and returns are not shown to arise from the interactions of profit maximizing
firms and utility maximizing individuals. With the link between equilibrium security prices
and the underlying technology and preferences thus effectively broken, these models
preclude any analysis of important issues such as the effects of alternative tax policies,
technological shifts, changes in preferences or expectations on the structure of security
prices.

This paper is an attempt to bridge the above-mentioned gap. It develops the micro-
foundations of intertemporal asset pricing in a dynamic general equilibrium setting. Our
work is in the tradition developed by Lucas and Prescott (1971). This tradition constructs
simple, tractable, stationary, homogeneous agent economies, characterizes the efficient
allocation, and supports this efficient allocation using a limited set of markets. In order
to price securities with empirical counterparts, securities are viewed as vectors of elemen-
tary Arrow—Debreu securities and are so priced. In the spirit of this tradition, we provide
a framework in which equilibrium prices, firm value, the market and risk free returns,
and the market risk premium are explicitly linked to the underlying production technology,
corporate decisions, and consumer preferences in a non-trivial way.

There is another rich theoretical tradition, most closely identified with the works
of Radner (1972) and Hart (1975), which studies equilibrium in financial markets.

491



492 REVIEW OF ECONOMIC STUDIES

See Kreps (1979) for a lucid exposition. This approach is more general in that it allows
for heterogeneous agents. Since the object of this paper is to study the comparative
dynamics of asset pricing we restrict our analysis to the homogenous consumer recursive
economy developed below.?

We consider an economy of rational agents—agents who behave optimally in light
of their objectives. Firms maximize profits and consumers determine optimal consump-
tion/investment policies which maximize their expected discounted utility subject to a
budget constraint. All prices and price distributions are endogenous and are determined
through market clearing, thereby ensuring consistency between corporate and individual
decisions. Expectations are formed rationally; i.e. the prices and price distributions on
which the economic agents base their consumption-investment-production decisions
coincide with those implied by individual and corporate behaviour. In the sense of Fama
(1970), Lucas and Prescott (1971), and Roll (1970), this means that the economy is
informationally efficient—prices take into account (reflect) available information.> The
paper exploits the Recursive Competitive Equilibrium Theory developed in Prescott and
Mehra (1980) to ensure that the equilibrium allocation is Pareto optimal and that it may
be characterized by a set of functions which simultaneously determine asset prices and
optimal corporate behaviour. By exploiting the convergence results of Donaldson and
Mehra (1983) we are further able to show that the behaviour of the economy over
time may be characterized by its convergence to an appropriately defined stationary
distribution.

A novel feature of the model is that we allow production shocks to be correlated
through time, thereby enabling us explicitly to introduce the role of expectations. This
is due to the fact that the current realization of the random shock provides information
as to the likely future realizations. Expectations, we feel, significantly influence consump-
tion and investment decisions. Since, in our model, equilibrium prices are linked to these
decisions, our formulation provides a framework to examine the influence of expectations
on risk premia and the risk structure of security prices.

To illustrate the framework of the paper, we also examine the effects of changes in
risk aversion, expectations of economic uncertainty, and time preferences on the equili-
brium market risk premium. (The market risk premium is defined as the expected return
on the market less the risk free rate.)

It is clear that the Sharpe (1964)-Lintner (1965)-Mossin (1966) asset pricing model
cannot address these issues since both the risk free rate and the expected return on the
market are exogenous in that model. The works of Merton (1973) and Breeden (1979),
while recognizing the fact that the return on the market and the risk free rate are functions
of underlying state variables, are not concerned with how these returns vary as the
underlying state variables change. Indeed, we are unaware of any model which examines
changes in risk premia as a function of changes in the state variables and/or parameters
of the economy.

When analysing expected returns, contemporary asset pricing models often neglect
to differentiate explicitly between expected returns as conditioned by the current state,
or (state independent) expected returns computed with respect to the joint stationary
distribution of the underlying state variables. Yet this distinction has significant implica-
tions for empiricists concerned with the testing of these models. We clarify these distinc-
tions and show what additional assumptions are required for the economy to converge
to a stationary state (when production shocks are correlated). This latter analysis is
necessary in order that unconditional expectations can be meaningfully defined (see
Section 3).
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Our framework is general enough to address a variety of issues in addition to those
we have mentioned. In particular the effects of alternative tax policies, depreciation
schemes, and changes in the ratio of output going to capital and labour on security prices
and rates of return may be analysed. Since we consider a homogenous consumer economy
and since the shock to technology is observed before production occurs, the unanimity
issues addressed by Radner (1974), Grossman and Stiglitz (1976), Hart (1979) and Milne
(1979) do not arise.

In addition to Brock (1979) and Cox, Ingersoll and Ross (1979) (see footnote 2),
a number of other papers have appeared which address issues related to those considered
here. Included among these are the works of Bhattacharya (1981), Breeden (1979),
Constantinides (1981), Kanodia (1980), and Le Roy (1979ii). In all cases, however,
these authors’ objectives and modes of analysis differ substantially from our own.

The paper is divided into five sections. Section 2 provides a description of the
economy and the appropriate equilibrium concept, while in Section 3 we formally derive

‘explicit expressions for the prices of capital assets, and the risk free and market rates of
return for our model context. Section 4 presents a numerical analysis of the effects of
changes in consumer risk aversion or time preferences, and changes in the productivity
shock structure on these returns and implied risk premium. Lastly, we provide a conclud-
ing commentary and relate our work to other aspects of the literature in Section 5.

2. THE ECONOMY

We consider a simplified (one good) version of the economy considered in Prescott and
Mehra (1980).* The analytic foundation of our work will be Prescott and Mehra’s (1980)
observation that the investment and consumption policy functions arising as a solution
to the (central planning) stochastic growth problem

(P): max E(Y,_,B'u(c))
st. ¢tk =f(k)A, kogiven

may be regarded as the aggregate investment and consumption functions arising from a
decentralized homogeneous consumer economy in recursive competitive equilibrium.
Problem (P) has the usual interpretation: preferences are time separable with period
discount factor 8 and period utility function u( ) defined over period consumption c,;
k, denotes capital available for production in period ¢ while f( ) represents the period
technology which is shocked by the stochastic factor A,. The shock sequence {A,},A =A, = X,
follows a Markov process with period transition density function F(dA,+;, A,) and station-
ary cumulative distribution function H(-); that is

N A
H(A;k+l) = J J‘ F(dA1; A)H(dA,).
A

A

The planner thus chooses consumption and investment policies which maximize the
expected present value of discounted utility. In the remainder of this section, we present
an alternative interpretation of this (centrally planned) economy which is consistent
with competitive equilibrium. The connections to the planned economy of problem (P)
will be apparent.

Our recursive competitive economy is assumed to produce two goods—a consumption
good, and an investment (capital) good. At the beginning of each period, firms observe
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the shock to productivity (A,) and purchase capital and labour from individuals at competi-
tively determined rates. Both capital and labour are used to produce the two output
goods. Individuals use their wages and the proceeds from the sale of capital to buy the
consumption good (¢,;) and the investment good (i,) at the end of the period. This
investment good is used as capital (k) available for sale to firms next period. The firm
thus liquidates at the end of each period. The process continues recursively. With capital
and labour competitively prices each period, the firm’s objective function in this economy
is especially simple—maximize period profits.

2.1. Technology

Firms are assumed to produce under stochastic constant returns to scale.” The production
function relating period ¢ output (c,+1i,), input labour (1), and capital (z,) is Lf(z./L)A,
where the function f( ) is assumed to be increasing, strictly concave, and continuous.®
The shock (A,) follows a stationary Markov process with strictly positive bounded support.
The firm’s period ¢ production possibility set Y(A,) is thus defined by:

Y(A) ={(c;, =, — 2, i) eR*: ¢y by 2, ,20; ¢ +i, = Lf(z,/1L)A}.

Each period the firm chooses a commodity vector y=(c,—1I, —z,i) from Y(A) which
maximizes its profits.

As firms produce under constant returns to scale, the value of the firm in an
Arrow-Debreu economy must be zero in a literal sense. We can, however, relate firms
in our model to those observed in real capital markets. This can be done by defining the
value of the capital purchased at the beginning of the period by the firm (p.z,) to be its
pre-dividend value ( VFqiv) and the value of the capital sold after production ( pii;) to
be the ex-dividend value of the firm (VFL.,4, ). It follows that the period dividend must
be p.z,— pi.

An alternative and equivalent approach to the one developed in this paper would
be to assume that the firm alone owns the capital, for which there is no market. Rather,
each firm would issue one perfectly divisible equity share. These shares would be traded
in a stock market and ownership of a share as of the beginning of time period ¢ would
entitle its owner to the firm’s dividends (that is, the firm’s output after all factors of
production have been paid). This approach parallels that of Brock (1982). Since the
firms in this case are operating in a competitive environment, an appropriate objective
function would be to maximize the value of shares plus dividends.” In Prescott and Mehra
(1980), Example 3, it is shown that Brock’s (1982) model can be mapped into the
structure developed in this paper. Thus, either approach will yield the same equilibrium
allocations.

As discussed earlier, firms in our model liquidate at the end of each period, which
may be counter to the reader’s intuition. However, we choose this approach because it
greatly simplifies the analysis. Capital, being in the household’s commodity vector, is
directly priced. Rather than both firms and households solving dynamic problems, only
the households must do this. The problem faced by the firms is static.

2.2. Preferences

The infinitely lived representative individual orders his preferences over feasible consump-
tion plans (defined below) by

E[ZZOBtu(CI)]a 0<B<1:
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where E( ) is the expectation operator, B is the period discount factor and c, represents
period ¢ consumption. The period utility function u( ) is assumed to be strictly concave,
increasing and differentiable. Capital supplied by individuals, (z), is constrained by
available capital (k,). Thus the individual’s period ¢ consumption possibility set may be
described as

x(k)={(¢c, —l,—2z,i)eR* ¢,20;0=1,=1; z,=k,; i,=0}.

Each period the individual selects a commodity vector x = (c, —1, —z, i) from X (k).%

The individual’s holding of capital at the beginning of the next sale period (k)
equals the amount of new capital purchased this period (i,). Thus k,.; =i, specifies how
capital holdings depend upon the prior period’s decision.

2.3. Equilibrium

For this economy, all relevant information for individual decision making in period ¢ can
be characterized by the triple (k, k,, A,), which we will refer to as the (period ¢) state of
the individual. Here k, denotes the individual’s holdings of capital, while k, denotes the
distribution of capital among the other individuals in the economy. As all individuals
are assumed to be identical (and thus have identical holdings), the distribution can be
summarized by the holdings of a representative individual and hence k, has the same
dimensionality as k,. (Anticipating the discussion on equilibrium, we will find that k, = k,
in equilibrium. In order to specify correctly the consumer’s problem, however, each
consumer must be free to vary k.) The current period realization of the random shock
constitutes the third component of the state. (In equilibrium, the state of the economy
may thus be characterized by (k, A,).)

The dynamic programming techniques that we employ in this paper necessarily force
us to consider only stationary equilibria. Since we are ultimately interested in comparative
dynamics, however, this choice of techniques is reasonable. More general techniques
(e.g. optimal control theory) would allow for the study of non-stationary equilibria.

As the structure of this economy is time invariant, economic agents solve a similar
problem each period. Since we are interested in competitive equilibrium, we assume
optimizing and price taking behaviour on the part of all agents. The firm’s optimization
problem is particularly simple in our framework. Firms face a sequence of static problems
and the firm simply produces so as to maximize profits each period given market prices
of capital (pi(k, A,)), labour (p(k, A,)), consumption (p.(k;, A,)) and investment goods
(pi(ks A,)). Consumers maximize their expected discounted utility of consumption over
feasible plans subject to their budget constraint. We assume that the economy is closed
under the assumption of rational expectations (Muth (1961) and Lucas and Prescott
(1971)); that is, the prices and price distributions on which the economic agents base
their consumption-investment-production decisions are exactly the same as those that
result as a consequence of their decisions through market clearing. Thus the vector of
current prices

P(ky, A) =(pc(kis Ar), Pi(ks AL), Pk M), Pi(Ksy ML)

and the future distribution of prices are determined endogenously as a function of the
state of the economy.

The consumer does not have a well-defined decision problem until the equilibrium
law of motion k.., = g(k,, A,) and the vector of prices p(k, A,) are specified. Knowledge
of these quantities along with knowledge of the (conditional) shock distribution function
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F(A41; A,) is sufficient for forming predictive distributions of future prices and selecting
optimal current actions. This leads to the following equilibrium definition:

Definition. A Recursive Competitive Equilibrium for this economy is characterized
by the following functions:

(i) an almost everywhere continuous vector function p(k, A,);

(ii) an almost everywhere continuous vector function v, where v(ky+1, K1, Ars1)
values capital taken into next period k,.; conditional upon the next period capital holdings
of other individuals, k,.;, and next period’s realization of the shock, A,+1;

(iii) a (time stationary) period allocation policy, x, where x(k,, k;, A,) specifies the
individual decision as a function of the current individual state;

(iv) a state contingent vector, y, where y(k,, A,) specifies the decision of the firm;

(v) a continuous function g, where k,.; = g(k, A,) is the law of motion of capital
stock; such that

(a) The allocation policy x(k, ki, A,) maximizes

{u(c,) +B j v(kz+lg 8(ky A, Ax)F(dAyyy; /\t)}

subject to x € X(k,) and
p(l(u A) - x=0.

(Utility maximization subject to a budget constraint.)

(b) For all y, € Y(A,), the allocation rule maximizes valuation y,- p(k, A,) over all
y:€ Y(A,). (Profit maximization.)

(¢c) y(k,A,)=x(ks, ki, A,). (Capital supplied equals capital demanded.)

(d) g(k, A;)=i(ks, kis ;). (The law of motion of the representative consumer’s
capital stock is consistent with the maximizing behaviour of agents.)

(e) v(ky ki) =u(c(k, ki A,) +ij(i(ku ko), 8(ky A, Ap)F(dAiiqs A,).  (If
this condition is satisfied then the consumer is using an appropriate value function to
evaluate capital stock taken into the subsequent period. As the function v satisfies the
optimality equation, the representative consumer is maximizing discounted expected
utility given the process generating prices and his initial capital stock holdings.)

Given this framework we have the following result:

Theorem 1. Under the assumptions of this section a recursive competitive equilibrium
exists and it is Pareto optimal.

Proof. Prescott and Mehra (1980). ||

3. PRICING OF CAPITAL ASSETS AND DETERMINANTS
OF RISK PREMIA

This section further develops our intertemporal model to allow for the pricing of capital
assets and the characterization of risk premia. We also consider the issue of the economy’s
convergence to a unique stationary state.

3.1. The decision problem of the representative firm

Firm behaviour can be easily characterized in our framework. Firms face a sequence of
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static problems and the firm simply produces so as to maximize profits in each period,
given the market price vector (pc(ky, A)), (pi(ky, A), (p: (ks A)), (pi(ks A,)).
The firm’s problem then is
max p.(k, A) .+ pi(ki, A) iy — p.(kiy A) 2, — pi( ke, A
s.t. i, =ALf(z/1).

Assuming an interior solution, the first-order conditions for a maximum are
pc(ks A) = pi(ks, A,)
p:(ki, A) = Apc(k,, )H)fl(zt/ L),

and
(ks A) = Aepe(kiy A f(2:/ 1) — (2/ 1) f'(2,/ 1)].

With constant returns to scale technology, the maximum profit is zero. Since aggregate
consumption is equal to wages plus dividends, we have

Pc(kiy A=A, pe(ky Ay L f(z/ L)—(z/1)f'(z/1)]
+Aepe(kiy ) 2f'(2:/ 1) — pe (ks M)y

where the value of the dividend,
d, =pz(l(n Az, —pi(k, A,

is just the pre-dividend value of the firm less its ex-dividend value.

With p.(k, A,) chosen as the numeraire and knowing that in equilibrium (see the
consumer’s problem below) one unit of labour and k units of capital are supplied
inelastically; i.e. ;=1 and z, =k, these first-order conditions may be rewritten as

Pelkn A} =pilko A) =1 (1)

P (ko 1) = A f' (k) 2
Pk 1) = MLF (k) = Kaf (ko)) (3)
&=Mfk)—i @)

di=p. (ko )z~ i ()

3.2. Decision problem of the representative individual

The functional equation associated with the individual’s maximization problem is

v(k,, ki A) =maXc =0 {u(cl) +B J V(kes1s kivrs A1) F(dA iy AI)}

s.t. p.(k, A+ pi(k, A)i=p.(k, A)z+ pi(k, AL
z =k kevr =iy L=1; kio1=8(k, A,).



498 REVIEW OF ECONOMIC STUDIES

Forming the Lagrangian we get

L(c, i, I, z,, 64, 0,, 05) = u(c,) +B Jv(kt+1y ke, )‘t+1)F(dAl+1; Ay

+6,(p.(k, )‘t)zt+pl(l(n At)lt_pc(kt’ A —pi(k, A)iy)
+ 02(1 - lt) + os(kz - zl)’

where 6,, 6,, and 605 are Lagrangian multipliers. The first order conditions (assuming an
interior solution) yield

u'(c)= Pc(kz, A6,

pi(k, A,)

B I V1(Kes1s kvt Air) F(dAigs A,) =pi(k, A)0,=u'(c,) - pe(ky A,

0.p(kiy A)—60,=0
01Pz(l<z, A)—63=0.

Since 6, pi(k., A;), and p,(k, A,) are all positive, we have 6,>0 and 65> 0. Hence
;=1 and z,=k,; that is, individuals supply one unit of labour and k, units of capital
inelastically (a fact utilized earlier in equations (1)—(5); note that in equilibrium k, = k,).

Using the envelope theorem, and letting the price of the consumption good be the
numeraire, we get

B J W (Ce1) P2 (Kivts A1) F(dA s M) = u'(c,) pi(ks, A,), (6)

where
Cor1=C(Ker1, Kivr, Apir)-

Equation (6) is the fundamental equation for the pricing of capital assets.’ It equates
the loss in utility associated with carrying one additional unit of capital to the discounted
expected utility of the resulting additional consumption next period. To carry over one
additional unit of the capital good, pi(k, A,) units of the consumption good must be
sacrificed and the resulting loss in utility is p;(k, A,)u’(c,). By selling this additional unit
of capital next period, p,(k.+1, A.+1) additional units of the consumption good can be
consumed and

B J U (Cr1) Pz (Kiv1s Aps1) F(dA iy A,)

is the expected value of the incremental utility next period. In equilibrium, these quantities
must be equated.
With these results, it is now possible to determine the equilibrium “returns and risk

premia”.

3.3. Equilibrium returns and risk premia

There are two equivalent approaches to determine the equilibrium return on the risky
asset. Since there is only one risky asset, the return on this asset is also (trivially) the
return on the market, which we will denote by Ry (- ).
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The first approach involves realizing that the market return during the interval ¢,
t+1 is, by definition, the return realized by individuals by purchasing the risky asset at
time ¢ at price p;(k,, A;) and selling it at time ¢+ 1 at price p,(k;s1, Ar+1)-

_pz(kt+l’ )‘I+1)
1+RM(kt’ Ata At+1) p,'(l(,, A,)_ (7)

Alternatively, the same result can be obtained by using the definition that the period
return by owning the firm is

VF;;&‘-IdiV =pz(l<t+1, Are1) Zii

1+ Rp(kyy Ay A =
M(-x t t+1) VFéxdiv p.'(l(n)‘t)i'
or
Pz (Kiv1s Arv1)
+ Ry (ky Ao Apsr) ===,
1+ Rp(kiy Ay A1) pi(ks A)
since
Zep1 =1

which is identical to equation (7). Note that at time ¢, Ry;(k,, A,, A,+1) is a random variable
since A,,; is uncertain.
Rewriting equation (6) as

B J u'(Ci) Po(keia, At+1)F(dAt+1; A)=1, (8)

u,(cl) : pi(kn At)

and substituting for p,(k.+1, Ar+1)/ pi(ks, A,) from equation (7), we get

[1+Rp (ks A, At+1)]F(dAt+l; A)=1, (9)

J‘ u' (c(kiri, kiv1s Arsr))
u'(c(ky ki Ar))

where we deliberately stress the state dependence.

Consider now the derivation of the risk free rate. We can introduce a financial
instruments market where a riskless asset is traded, this asset being in zero net supply.
Since we consider a single consumer economy, and since the net demand for this asset
must be zero in equilibrium (it being in zero net supply), its existence does not affect the
equilibrium as long as its price is obtained in the usual way from the first order conditions
of the (single) consumer. Let dpg,_(k;, A,) be the price at time ¢ of a security which pays
one unit of consumption next period when the state of nature is between A,.; and
Ar+1+dA,yq; then in equilibrium

dpR,.—(kn A)u'(c(ky ky A,)) = Bu'(c(kis1, kiv15 Ars1)) Prob [Aerrt+drg, )\H-l'At]'
Given the current state (k, A,), the price of a security that pays a unit of consumption
in every state next period is therefore

_ u'(c(kir1s Kiv1s Ars1))
Pr- (ko M) =B J w (c,(k ko 1))

F(dArir; Ay). (10)
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Defining Rr(k, A,) as the period risk free rate (conditional on the current state), we
have, by definition,

=p0(lct+la A1) - 1
pRF(kn )‘t) pRF(l{n At)

1+ Re(ky Ar)
(since p.(k;+1, A;+1) =1) and thus

_.1—_ u'(cr1) )
1+RF(k” At)—BJ u’(C;) F(dAt+17At), (11)

where we again suppress the state dependence of consumption.
All the information necessary to compute the aggregate risk premium is now com-
plete. Expanding equation (9) yields:

[13 f Wleer) p gy, m)] : [ j (14 Rag (Ko A Aeer)) F(dArrs; A,)]

u'(c)

+B cov [:ig&i_l‘)", Ry (ky A, At+1)|lcn )\t] =1.
u'(c)

Substituting from equation (11) and integrating with respect to the conditional distribution
of A..1, equation (12) obtains:

1 +RM(ku Ay) =1-Bco [ul(czﬂ)

= — s k,, , A k”A s 12
1+ Re(k, ) (e Ru(ko A 1)k ,] 12)

where
RM(l(n A)= J' Rai(ky Ay A1) F(dA 415 A,)

is the expected market return conditional on the current state. Now define the expected
period risk premium 7 (k, A,), conditioned on the current state as

(ko A) = RM(kn A:) = Rp (ks Ay).
Rearranging and simplifying equation (12) gives the desired result: -

u'(cer)
u'(c)

Making use of equations (7), (1) and (2), this may be rewritten as

fr(kt’ Al) = B(l +RF(kl’ At)) cov [—’ ’ RM(kt’ Al, AH~1)“¢b )‘t]‘ (13)

u'(C41)
u'(c)

Equation (14) is an expression {or the (conditional) expected risk premium and states
that this premium depends upon the covariance of the marginal rate of substitution of
consumption and the marginal productivity of capital per unit labour. This covariability
is what results in risk. If technology were riskless or if individuals were risk neutral the
covariance term in (14) would be zero and there would be no systematic risk. (With risk
neutral individuals there would still be risk in the sense of technological uncertainty, but
there would be no systematic risk.) Systematic risk and hence risk premia thus depend
upon preferences and technology, in particular upon their covariability as discussed above.

’ﬁ'(kta )‘1)=B(1+RF(kn )H)) cov [” y)‘t-t—lf'(.kt-f—l)lkn /\tjl- (14)
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We emphasize again that the expressions for the risk free rate, the expected return
on the market and the expected risk premium depend upon the current state. Specifically
the covariance term in (14) is a conditional covariance and in general will vary through
time as the state variables change. This is also true of the covariance term in Breeden’s
(1979) model hence the “beta” in that model will in general be non-stationary, a fact
that should be taken into account when testing it."> Most equilibrium models in finance
have failed to emphasize the distinction between expected returns conditional on the
current state (as in Merton (1973) and Breeden (1979)) and expected returns calculated
with respect to the stationary distribution of state variables (see the discussion below).
We feel that in most applications it would seem more appropriate to focus on these
expectations as being “averaged” across all possible capital stock-shock states; i.e. uncon-
ditional state independent expectations.

Such a calculation would only be feasible, however, if the Markov process on capital
stock (and thus also the Markov processes on consumption and output), defined by
k.+1 = i(ks ki, A,) converges to a well-defined unique stationary state. Conditions sufficient
for this to be so have been investigated in Donaldson and Mehra (1983) and are given
below; in effect they require a minor further specialization of the economy described in
Section 2, in particular, a specialization of the shock transition function F(A; A,):

Assumption 1. The production technology f( ) is increasing, bounded, strictly
concave, and three times continuously differentiable, with f(0) =0, and f'(0) = co.

Assumption 2. The period utility function u( ) is increasing, bounded, strictly
concave, and three times continuously differentiable and displays constant or decreasing
relative risk aversion. Furthermore, for any interval (e, M), where € >0, M <sup, f(k),
there is a W such that

u"(v1)
|u"(')’2)|,

o> W > V1, v, in (g, M).

Assumption 3. The shock A is subject to a stationary Markov process with strictly
positive bounded support [A, A], where A > 0. Furthermore, we require that F(-;A’)
stochastically dominate F(-;A) in the first degree (Rothschild and Stiglitz (1971))
whenever A’ > A. (This requirement is intended to capture the notion that tomorrow is
more likely to be similar to today than radically different.) Lastly, for all A;, A, in the
support of F(-;-),

J |[F(dA; A3) —F(dA; Ay)| < BJA,— A4,

for

_3f(k)AM
BAM, M,

The terms M, M;, M, are defined respectively, by sup,, =.=., — (u"(¢)), B max [ f'(ko),
f'(kr/2)] and u'(cy/2), where [c1, cy] and [k, ky] are intervals which bound the
asymptotic consumption and capital paths. Since 8, A, and A alone determine these
bounds, B is independent of F(-; -).!' (This requires that if two production shocks today
do not differ by very much, the conditional distributions of next period’s shock must be
closely similar.)
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Theorem 2. Consider the economy of Section 2 as satisfying Assumptions 1, 2 and
3. Then the optimal aggregate investment and consumption functions exist and are station-
ary, continuous, and monotone functions of output. Furthermore, these functions define
Markov processes on capital stock, consumption, and output which converge in measure to
unique stationary probability distributions.

Proof. See Donaldson and Mehra (1983). ||

Theorem 2 (which summarizes the results of Donaldson and Mehra (1983)) may be
viewed as an application of the results in Futia (1982), who studies the convergence of
general Markov processes in the context of the associated Markov operators. In the
model of this paper, capital stock and consumption are invariant functions of output.
Thus convergence of the Markov process on output is sufficient for the convergence of
the capital stock and consumption processes as well. Section IV(i) of Donaldson and
Mehra (1983) guarantees that the Markov operator associated with the process on output
is stable; Section IV (ii) guarantees that it is tight (by demonstrating that the ergodic set
is a compact connected interval). Thus by Futia (1981), Theorem 2.9, we know an
invariant output measure exists. Section IV (iii) of Donaldson and Mehra (1983) further
demonstrates that the output process is irreducible, thus satisfying Futia’s (1983) Unique-
ness Criterion 2.11. Hence the invariant measure is unique (Futia (1983), Theorem
2.12). It may not, however, mirror the long run average behaviour of the process (a
property which is needed to legitimize our simulation exercise which follows in Section
4). But as the kernel of the output process has a continuous density, we may apply
Theorem 4.6 of Futia (1983) to conclude that the Markov operator associated with the
output process is quasi-compact. This is sufficient (Futia 1983, Theorem 2.10) to guaran-
tee that the invariant measure does indeed mirror the process’ long run average behaviour.

Let (K, G(k)) and (A, H(A)) denote, respectively, the range and stationary probabil-
ity distribution for the Markov processes on capital stock and the random shock and let
Q(K, A) denote the joint distribution. The average (across all states) risk free rate,
market return, and market risk premium are thus:

keK JAaeA
where Re(k, A) is defined by equation (11);
keK J aeA '

where Ry (k, A) is found by integrating Ry, (k,, A, A,+1) (as defined in equation (7)) with
respect to the conditional distribution of A,,,, given A,; and

keK J AeA

Under the interpretation embodied by equations (7)-(14) it is clear that the risk
premium (indeed, all quantities) varies as the state variables vary. For the interpretation
embodied in equations (15)-(17), these quantities are constant. These Assumptions 1-3
may be viewed as sufficient conditions for ensuring that the “beta” of this model will be
stationary; consequently, time series estimation would be fully appropriate.
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4. COMPARATIVE DYNAMICS

In this section we numerically compute the solution functions to problem (P) (see Section
2) for various parameter choices and use these functions then to compute the associated
time averaged risk free rate, market rate, and risk premium. In this way we are able to
gain first insight into the effect of parameter choices on these quantities. ,

In particular, we explicitly solve problem (P) for the cases in which u(c)=(c”—1)/,
y€{-2,-1,0(In ¢), 0-25,0-5}, B {0-8,0-9,0-95}, f(k) = Ak*, A=2/3, a € {0-24,0-5},
A €{1-5, 1, 0-5}, and for which the transition density for A, is approximated as a 3X3
transition probability matrix {®}, where the ¢,,-th entry indicates the probability that
A1 =A, given A, =A,. These choices allow us to study the influence of changes in
individual risk aversion (7y) and time preference (8). To understand the effects of shock
correlation we further solve problem (P) for a variety of symmetric matrices {®} where
buw=¢ ¢up=(1-c)/2, u#v. By allowing ¢,, to assume values from the set
{0-333,0-5,0-7,0-9}, we are able to model progressively greater shock correlation.

Our parameter choices (in particular the fact that A =2/3) constrain the problem
in such a way as to ensure that the range of each of the series of consumption, output,
and capital stock lies in the interval [0, 1]. Choosing capital stock as the state variable,
we define a partition I = {k;} of this range, for which, for any two adjacent elements of
the partition k;, ki1, ki1 —k;=0-001. This partition then serves as the set of feasible
states for capital stock. To determine the optimal investment and consumption policies
for each of the parameter choices, we follow the customary dynamic programming method
of seeking a fixed point to the related functional equation by a sequence of approximating
iteration. Under this procedure, the optimal investment policies i(k;, A,) = (k,.;) are
found as limits of sequences i,(k;, A,), where i, =i,(-,-) solves:

V" (ky Ay) =max {u(f(k) Ay —in)+B Yo, V" Uip Ay) b},
i,el, i, =f(k)A,.

Given these investment functions, the transition probability matrix for the Markov
process on capital stock can then be constructed. Given this matrix, the stationary
distribution on capital stock (from which can be derived the analogous distribution on
output and consumption) can be obtained by solving the associated linear programming
problem. Following a computational routine designed to reflect equations (9)-(17), we
then computed the time averaged risk free rate, market rate, and risk premium. These
results are presented in Tables I and II below:

As would be expected, in all cases the aggregate risk premium rises as agents become
more risk averse ('y more negative). Similarly, the risk free rate also declines with greater
risk aversion. This latter fact is easily explained by noting that, with greater risk aversion,
agents would be willing to pay more and more today for the same certain payments
tomorrow—thereby lowering the rate of return on the implied security.

We also notice that Ry, first rises and then declines with greater risk aversion. The
increase in Ry, has a simple interpretation: as agents become more risk averse, we would
expect them to require greater average returns. Less apparent is the eventual decline in
the market returns. As is discussed in Danthine and Donaldson (1981) and Danthine et
al. (1983), the reduced variation in consumption (corresponding to the decrease in 7)
can be realized only at the expense of greater variation in output. This increase in
variation results from the enormously expanded range of the stationary capital stock
distribution (for ¢,,=0-33 and B =0-95, the range of the stationary distribution on
capital stock for y =0-5 and y =—2 are, respectively, [0-:05, 0-11] and [0-02, 0-35]). Since
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TABLE 1

B=095, a=0-25

y=05 v=0 y=-1 y=-2

S =1/3 Ry =0-164 Ry =0-235 Ry =0-269 R,;=0-208
R:-=0-043 R-=0-010 Rp=-0-103 Rp=-0-226

#=0-121 #=0-225 #=0-371 #=0-434

Gy =0-5 Ry =0-144 Ry =0-199 Ry, =0-206 R\, =0-123
R =0-034 Rp=-0-011 Rp=-0-139 Ry =-0-268

#=0-110 #=0-210 #=0-345 #=0-391

b =07 Ry, =0-113 Ry, =0-147 Ry =0-115 Ry, =0-022
R-=0-035 Ry =-0-009 Rp=-0-148 Rp=-0-283

#=0-078 #=0-156 7=0-262 #=0-306

6u=09  Ry=0-076 Ry, =0-088 R, =0-062 R =—0-014
Rp =0-046 Rp=0-024 Rp=-0-071 R =-0-200
#=0-030 #=0-064 #=0-133 #=0-186

TABLE II
B =099, a =025

v=05 v=0 y=-1 y==2

G =1/3 R, =0-116 R, =0-185 Ry =0-219 R, =0-169
Ry=0-000 Rr=-0-031 Rp=-0-136 Rp=-0-248

#=0-116 #=0-216 #=0-355 #=0-417

Guu =05 Ry =0-099 Ry =0-151 Ry =0-147 R,;=0-070
Ry =-0-008 Rp=-0-051 Rp=-0-179 R, =0-301

#=0-107 #=0-201 #=0-326 #=0-371

b1 =07 Ry =0-073 Ry =0-103 Ry, =0-086 Ryt =—0-012
R =-0-005 Rp=-0-047 Rp=-0-173 Rp=-0-304

#=0-078 #=0-150 #=0-259 #=0-292

Guu =09 Ry, =0-032 Ry =0-045 Ry, =0027 Ry =—0-058
R =0-003 Rp=-0-016 Rp=-0-099 Ry =-0-237

#=0-029 #=0-061 #=0-126 #=0-179

the market return is the marginal product of capital, and since greater risk aversion forces
the economy to operate at higher capital stock levels, average market returns must
ultimately be reduced. That returns are occasionally reported as negative follows from
the nature of our shock structure (a bad realization (A = 1/2) following a good realization
(A =3/2) can cut output more than in half, for example), and rounding errors resulting
from the coarseness of our capital stock partition.

We note also that as persistence increases (¢, rises) the aggregate risk premium
declines. This is not unexpected as greater persistence reduces the period of period
uncertainty faced by agents and thus the essential period riskiness of their investment
decisions. This decline is observed despite the fact that increased persistence can be
shown to increase the variance of the stationary distributions of all three—consumption,
investment, and output—series (see, once again, Danthine et al. (1983) for an elaboration).

Lastly, we observe that an increase in B8 effects a decline in the risk free and market
rates for all parameter choices. In this model context it is well known (see Danthine and
Donaldson (1981)) that an increase in B will cause individuals to invest a greater
proportion of output for all output levels. This has the consequence of shifting the
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stationary distribution of capital stock to a range of higher capital stock levels. Since
market returns reflect marginal productivities of capital, it is natural that a decline in the
average market return be observed. In a similar vein, an increase in B, by causing agents
to value a certain consumption unit next period even more highly, will induce them to
be willing to “pay” even more today for the claim to such certain consumption. Here
the risk free rate of return is observed to fall.

The shock variation of our model (A =1/2,1,3/2) was chosen for illustrative purposes
and indeed the variation is larger than can reasonably be expected in an actual economy.'?
Thus it would not be meaningful to compare the risk premia computed in this section to
that observed in reality.'> These computations show qualitatively, however, that our
model provides results consistent with our economic intuition. In particular, risk premia
are observed to decline with reduced uncertainty. We feel therefore the usefulness of
the model lies in its ability to make qualitative predictions about the intertemporal pricing
of capital assets as a function of the changes in the economic environment.

A legitimate empirical test of the model would be to estimate the Markov process
defining the time path of actual GNP, and then construct a shock matrix which would
yield similar output behaviour. The derived R, Ry, and # implied by this specification
could then be compared with the above empirical data. We leave this—somewhat
involved—empirical issue to a later note."*

Our model fails to mirror reality in at least one other way. Here the shares of income
going to capital and to labour are equally risky (it is impossible to shift risk from capitalist
to labourers for they are the same group of individuals). In practice, however, labour’s
share is much less risky than the share going to capital. This is because labour contracts
are in a way similar to insurance contracts; labour’s claim on output is largely fixed and
is negotiated prior to the actual realization of the output.'””> Hence, in reality, more
uncertainty in output is absorbed by the owners of capital than labour. To this extent,
our model underestimates the actual risk premium.

5. CONCLUDING REMARKS

This paper develops a simple general equilibrium model, characterized by both informa-
tional and allocative efficiency, in which asset prices are linked to the underlying technology
and preferences. The framework presented enables one to analyse the qualitative effects
of shifts in productivity, tastes, time preferences, changes in uncertainty in the economic
environment, and alternative tax policies on the intertemporal behaviour of asset prices.

Although the one capital good setting of our model appears restrictive, this feature
was chosen only for ease of computation. In fact, as mentioned earlier, the appropriate
equilibrium representation of the J-good analogue can be found in Prescott and Mehra
(1980). The derivations of this paper could be extended to that context in a natural way;
however, the actual numerical computation of approximate risk premia for a wide class
of parameters would become considerably more involved.

The description of the economy as one with homogeneous consumers is also restric-
tive. Nevertheless, the current state of equilibrium theory requires this if the parametric
sensitivity of equilibrium is to be studied.

Not unexpectedly, the model demonstrates quite explicitly that an individual’s desire
to accept risk—and thus the returns that must be paid to encourage risk taking—depend
upon real consumption levels. Such results emphasize the partial equilibrium nature of
typical asset pricing models, such as the familiar CAPM.

Our model also points out the distinction between the time averaged risk free and
market rates and risk premium and the analogous period (conditional on the state) values.
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When theoretical financial models speak of the risk free and market rates, which of these
concepts, in fact, is being used? For one period models, only the (conditional) period
concept would seem appropriate. Yet the distinction is rarely observed.

Adaptations of our model can be used to study the relative pricing of many financial
assets (the J-good analogue) and the influence of monetary growth on the pricing of
financial assets. We examine these issues in subsequent papers.
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NOTES

1. A representative, though not an exhaustive list includes the work of Black (1972), Constantinides
(1980), Fama (1977), Merton (1973), Ross (1976), Rubinstein (1974 and 1976), Stapleton and Subrahmanyam
(1978). The Roas (1976) paper suggests an alternative to the equilibrium approach. It is an asset pricing model
based on arbitrage considerations. For an excellent survey, see LeRoy (1979).

2. In addition to Prescott and Mehra (1980), Brock (1982) has developed a general equilibrium model
with production that characterizes equilibrium in financial markets. While Brock’s model is of the same tradition
as ours, he is primarily concerned with deriving a theoretical foundation for the Ross (1976) arbitrage pricing
theory.

Cox, Ingersoll and Ross (1980) have also developed an intertemporal asset pricing model, though in
continuous time. They are interested, however, in the term structure of interest rates, an issue that we do not
consider. While they do not offer a general existence proof, Huang (1982) suggests that this is possible.

3. There has been some confusion in the finance literature as to the meaning of (informational) efficiency.
For a clarification, see Lucas (1978), especially p. 1429. Prices in our economy are a function of the underlying
state variables, but they are not a sufficient statistic for these variables. We merely wish to emphasize that
“informational efficiency”’ as commonly used in the finance literature, is little more than asserting a rational
expectations equilibrium.

4. The analyses can easily be extended to price J > 1 types of capital goods. For a definition of equilibrium
in this setting see Example 3 in Prescott and Mehra (1980). In this case, the discussion in Section 3 below will
have to be modified. In particular, there will be equations similar to (6) and (7) for each of the J capital types.
The tomputations in Section 4 would also be considerably increased.

5. The constant returns to scale assumption is innocuous. When this assumption is not satisfied, it is
typically because some factor such as land is owned rather than rented by the firm and thus is not included in
the commodity vector. In general, a factor can be added to the commodity vector such that the resulting
technology set displays constant returns to scale. See McKenzie (1959) for details.

6. To clarify our notation further, k, denotes capital held by individuals and available for sale to firms
in period ¢, while z, denotes the capital firms actually choose to purchase in period ¢ In equilibrium, of course,
z, =k, Furthermore the firms know A, at the time they make their production decisions.

7. For a discussion as to the appropriateness of value maximization see Hart (1979).

8. We use the symbols (¢, [, z, i) to characterize both the commodity points for the firm and the consumers.
However, as discussed in the section on equilibrium below, the commodity point of the firm is a function of
(k, A) and that of the consumer (k, k, A). To clarify, the ¢ in the commodity point of the firm is a function
specifying the consumption good supplied by the firm; perhaps a more correct notation would be c*(k, A).
Similarly, the ¢ in the commodity point of the individual is the amount of the consumption good demanded
by the individual and should technically be written as c?(k, k, A). In equilibrium of course ¢* = ¢® Since there
is little room for confusion, we stick to the simplified notation in this paper.

9. Notice that this is similar to the first order conditions of Lucas (1978) and Brock (1979).

10. It has been pointed out to us by Fischer Black that Cornell (1981) has made this observation
independently. See alsosConstantinides (1980). For a complete discussion of the relevant empirical issues, see
Hansen et al. (1981).

11. For Assumption 3 to be non vacuous we need to ensure that B is not zero. The latter is ensured if
k; > 0. The issue of the positivity of k; is exhaustively considered in Mirman and Zilcha (1976), who show
that it is possible for k; to be zero. However, as they also point out (Mirman and Zilcha, 1976, p. 127), the
difficulty in securing an explicit example in which this is observed suggests that the phenomena is largely
pathalogical. In this light we will assume that k; >0 and hence B is not zero.
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12. Computational tractability was another reason for choosing this shock structure—more pronounced
shock variability enables us to incorporate a less fine partition I while still sensing the change in returns resulting
from different capital stock and shock levels. By using a fairly coarse partition, as we do, the ultimate computation
of the stationary state (matrix inversion) becomes more manageable.

13. Ibbotson and Sinquefield report 3 risk premium of 8-7% based on historical data for the period
1926-1978.

14. See Mehra and Prescott (1983) for such a test in a pure exchange economy.

15. This was brought to our attention by Edward Prescott.
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