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This paper extends the stochastic growth model of Brock and Mirman [J. Econ. 

Theory 4 (1972), 497-5131 to allow the production shocks to be correlated over 
time. The resultant optimal savings and consumption policies depend not only upon 
the current level of output but also upon the most recent realization of the random 
shock. The properties of these policy functions are studied and it is shown that the 
Markov process on output, capital stock and consumption resulting from the 
application of these policies converges to a stationary distribution. Journal of 
Economic Literature classification numbers: 022, 023, 111, 113. 

1. INTRODUCTION 

In a widely referenced paper, Brock and Mirman [5] extend, in the context 
of the one good neoclassical model, the theory of optimal growth to accom- 
modate uncertainty in the production technology. They show that such a 
generalized model will behave analogously to the deterministic formulations 
of Cass [7] and Koopmans [ 151; that is, optimal savings and investment 
policies exist and by their application the economy converges (in an 
appropriate stochastic sense) to a steady state (distribution). Their random 
element may be interpreted to capture either observational errors in the 
measurement of aggregate capital stock or actual uncertainty in the 
production process (e.g., as crop yield is influenced by uncertain rainfall) for 
given levels of inputs. By employing a generalized concave technology, 
Brock and Mirman [5] substantially extend the earlier work of Phelps [ 261 
and Levhari and Srinivasan [ 171 who employ only linear technologies. Other 
related work includes that of Mirrlees [25], Hahn [ 131, Merton [22], Brock 
and Mirman [ 6 1, Mirman and Zilcha [ 231. All of the studies mentioned thus 
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far require that the random shocks be identically and independently 
distributed (i.i.d.) over time and their results depend, in a number of ways, 
crucially upon this assumption. 

The classic paper by Lucas and Prescott [ 191, which characterizes 
equilibrium in a competitive industry subject to demand uncertainty, was the 
first to consider correlated shocks. Since they consider an industry 
equilibrium, however, their analysis is essentially partial equilibrium in 
nature and certain of their principle results depend heavily upon their 
specialized production technology.’ 

This paper extends the analysis of Brock and Mirman [5] and Danthine 
Donaldson [8] to allow the production shocks to be correlated over time. In 
addition to being a natural generalization of earlier work, such a task better 
approximates reality, since the introduction of correlated shocks enables us 
to introduce explicitly the role of expectations. This is due to the fact that the 
current realization of the random shock will contain information as to the 
likely future realizations. In our model the optimal savings and consumption 
policies depend not only upon the current level of output (as, for example, in 
Brock and Mirman [5, 61) but also upon the most recent realization of the 
random shock. Expectations, we feel, significantly influence consumption, 
savings, and investment decisions, and our formulation thus provides a 
framework in which to examine alternative aggregate savings/consumption 
behavior arising from different expectations. 

Lastly, such expectational dependency allows one to generate, for an 
appropriate structure on the time path of the random shock, cyclical 
behavior (persistence) in the aggregate series for consumption, output, and 
capital stock. Although we leave a thorough discussion of this issue to a 
future paper, it should be mentioned that our model would allow us to 
investigate how the characteristics of these cycles (e.g., amplitude) could be 
influenced by various parameter shifts (such as an increased desire to save as 
evidenced by an increase in the societal discount factor). Such work would 
follow the seminal piece of Lucas [ 181; adaptations of our techniques, to 
admit preference uncertainty, would allow us to address issues raised in 
Black [ 11. Thus we regard the work presented here not only as a 
generalization of the work of Brock and Mirman [5], but also as preliminary 
to future studies which we feel are likely to be of interest for their policy 
implications. 

An outline of this paper is as follows: In Section II, we formally define the 
model and derive the existence of the optimal savings/consumption policies. 
In Section III we further investigate the properties of these policy functions, 
and, in particular, show that savings (consumption) decrease (increases) as a 

’ For example, in the case in which their demand shocks are i.i.d., the asymptotic stationary 
distribution on firm capital is degenerate (either strictly positive or zero). 
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proportion of output as output rises. Besides being of interest vis-ivis macro 
policy studies, this result replicates the savings behavior actually observed in 
numerical simulations of various parametric specifications of the model. It 
has, however, greater significance. Our objective is to show that the Markov 
processes on output, capital stock, and consumption, resulting from the 
application of these policies converge to stationary distributions. If output is 
used as the state variable (i.e., the variable for which convergence is first 
shown with convergence of the other series following as a corollary from it), 
standard arguments developed for the i.i.d. shock models (see Danthine and 
Donaldson [8]) cannot be applied without this additional property. This is 
due to the dependence of the savings function on the realization of the 
random shock. 

Section IV develops these convergence results. Following Danthine and 
Donaldson [8], our approach to convergence parallels that suggested by 
Mendelssohn and Sobel [2 11, and discussed by Blume [2]. We feel this 
approach is somewhat simpler than that of Brock and Mirman [5]. The core 
of these results is Lemma 4.3, which proves that for each realization of the 
random shock the savings function crosses the 45’ line only once. This 
enables us to prove that the Markov process on capital stock and output is 
irreducible on a closed interval. Section V considers the effects of changes in 
expectations on the optimal policy functions. Lastly, Section VI outlines the 
future work to be based upon results presented here. 

II. THE ECONOMY 

We consider a modification of the classical model analysed in the 
stochastic growth literature.* The economy is a specialized (one good) 
version of that considered in Prescott and Mehra [27]. Society is assumed to 
consist of infinitely lived individuals with identical preferences and 
endowments of initial capital stocks and labor (one unit). Since all 
individuals are alike, the Pareto optimal allocation of interest is the one for 
which the weights for all individuals’ utility functions are equal. To charac- 
terize this optimum one can thus either maximize an equal weight aggregate 
utility function (the social welfare function of the society) or, alternatively, 
since the assumed strict concavity of the individual utility functions (see 
below) implies that the optimal decisions of all the individuals would be 
identical, we can characterize the optimal consumption, savings (investment) 
program of a representative “stand in” individual. We shall follow the latter 
convention in this paper. 

* See specially Brock and Mirman [S, 6); for an excellent overview of the growth literature 
see Dixit 1 lo]. For an adaptation to business cycle theory see Kydland and Prescott [ 161. 
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There is one capital good. The capital stock per worker available to the 
economy at time r, (k,), can be used to produce output which can either be 
consumed or saved and used for production next period. Production requires 
both capital and labor and productive units are subject to stochastic shocks 
over time which affect their productivity. Unlike previous analyses we allow 
production shocks to be correlated over time. 

Each period, a typical consumer chooses a real vector x, E R4, his period t 
commodity point, from his period t consumption possibility set X(k,). The 
vector x, describes the quantities of commodities he actually consumes 
(positive) and the quantities of inputs (negative) he provides. We find it 
convenient to split xI into three sets of components x, = ((c, -I), (-z), s}. 
The component z E R1 corresponds to the capital supplied by the individual 
for production, while (c, -1) E R* corresponds to the individual’s period t 
consumption and supplied labor service. Lastly, s E R’ represents the 
individual’s savings in period t to be used as capital in period t + 1. 

The individual is constrained to choose x E X in each period. This set is 
closed and convex and imposes constraints upon the components of (c, -4) 
such as labor (I) supplied does not exceed available time. In addition the 
capital supply, z, is constrained by the available capital k. Thus the period 
consumption possibility set given k is 

X(k)= {x: xEXand -k<-z<O) 

= {(c, -4, -z, s) E R4 1 s,c>O, O<l< 1, z<k). 

The individual’s holdings of capital next period (that is k,,,) is equal to the 
amount of output saved this period (that is st). Thus k, + , = s, specifies how 
capital holdings depend upon the previous period’s decision. The set of 
possible capital stocks is the positive real line. 

We make the following assumptions (to be maintained throughout the 
paper) regarding preferences and technology: 

Al. It is assumed that the random shock 1 E R ’ is subject to a 
stationary Markov process with a strictly positive bounded ergodic set rl. 
The transition function of the process is G: /1 X li + [0, 11. G(;) is 
continuous in both its arguments and for fixed A, G(; A) is the probability 
distribution for the next period’s shock. A = [A, 11, 0 < 4 < 1 < co and 
Vl,EA 

Furthermore, we require that the density function dG(. ; .) associated with 
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G(.; .) be continuous on A x /i, strictly positive (dG(I,, ; A,) > 0, VA,, II, E 
/i x A), and that there exists an L > 0, small, such that VA,, AZ E A, 

1 IdG(A;A,)-dG(A;1,)1 <L/&-1,1. 
A 

The actual bounds on L will be made more precise in a later section. 
All this is simply to require that the density function be “smooth”; that is, 

if two production shocks today do not differ by very much, then the 
conditional distributions on next period’s shock must be similarly close in 
the manner indicated. 

A2. G(L r+, ; &) stochastically dominates G&+ 1 ; A,) in the first degree 
(Rothschild and Stiglitz [28]) whenever 2; > 1,. This assumption is intended 
to capture intuitively the notion that it is more likely that tomorrow will be 
similar to today rather than radically different. It is illustrated by the tran- 
sition function shown in Fig. 1. 

A3. The representative individual orders his preferences over random 
consumption paths for which x, E X(k,) with probability one and k,, , = s, 
for all t by 

E ~pw I9 

where E{. } is the expectation operator, j? is the discount factor, and u(e) is 
the period utility function. The function U: X--P R is assumed to be strictly 
increasing, strictly concave in c, bounded and thrice continuously differen- 
tiable with u’(0) = +co, u’(co) = 0. 

G(i) 

A x - 
FIGURE 1 
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For certain results of ours (Theorem 3.2) we will also require that u(e) 
display constant or decreasing relative risk aversion, i.e., that -cu”(c)/u’(c) 
is constant or decreasing as c+ co. 

A4. Production takes place under constant returns to scale. This 
assumption is consistent with percentage growth rates being uncorrelated 
with firm size (Gibrats Law). The constant returns to scale assumption is 
innocuous. Typically when the convex constraint set is not a cone, it is 
because some factor such as land is owned rather than rented by the 
production unit and is not included in the commodity vector. In general a 
factor can be added to the commodity vector such that the resulting 
technology set is a convex cone. (see McKenzie [20]). 

Each period an individual chooses a commodity point y, from his 
production possibility set Y()LJ, where Y(A) is a closed convex set. The 
commodity vector y, is an element of the same finite dimensional space as 
x,. The constant returns to scale assumption implies that given a random 
shock A and a positive y if y E Y(J) then yy E Y(A). 

The production function relating output (q = c + s), input labor (I), and 
capital (z) is Jlf(z//). The function f( a) is assumed to be increasing, strictly 
concave, three times continuously differentiable and bounded on R +, with 
f(0) = 0 and f’(0) = +co; f’( co) = 0. The production possibility set Y(A) is 
thus 

Y(A) = 
I 
(c, -1, -z, s) E R4 

c, 1, z, s > 0 
c + s < nlf (z/l) I . 

In this economy all relevant information for decision making is summarized 
by the current capital stock (k) and the current realization of the random 
shock (A). Thus (k, A) describes the state of the economy. For the technology 
considered we observe that there is a l-l mapping between output (q) and 
capital stock (k). Hence the state may alternatively be characterized by (q, A) 
and (q, 1) will be termed the state variables. We observe that the structure of 
the economy is time invariant and the individual solves a similar problem 
each period. Hence decision rules can be expressed as a function of the state 
variables. 

Formally the problem facing the individual is to search for an optimal set 
of decision rules x(q, A) which include a consumption policy c(q, 1) and a 
savings policy s(q, A) which solve the following problem, (P). 

subject to xI E Y@,) n X&J, P) 

k 1+1 =s, for all t and qO, A,, given. 
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Assumptions 1, 3 and 4 are sufftcient to prove, as outlined below, the 
following theorem. 

THEOREM 2.1. Given assumptions Al, A3 and A4, there exists a unique 
solution to (P); that is, a unique, bounded, increasing, concave value function 
V(e) such that 

V(q,A)=T:; 
I 
u(c)+Pj+(f(q-c)&I’)dG(A’;1) , 

I 
(1) 

where V(q, A) is the maximum obtainable expected utility for all feasible 
consumption paths and A’ represents next period’s shock. Furthermore, there 
also exists a unique, bounded, continuously dtflerentiable, increasing function 
c(q, A) such that 

Here c(q, d) is the optimal consumption policy in the sense of attaining 
maximum expected utility. The optimal savings policy s(q, A) is therefore 
defined by: s(q, A) = q - c(q, A). Lastly, as a result of the concavity of V( ), 
a necessary and suflcient characterization of the optimal consumption policy 
is given by 

u’tctq, 4) = Pf ‘(4 - ck, 4) 1 V’(f(q - cG?, 4) A’, A’) 1’ dG@‘; 4 

or by the envelope theorem 

u’(c(q, A)) = pf ‘(q - C(q, A)) J‘ u’(c(f(q - c(q, A)) A’, A’) 1’ dG(A’; A). 

Proof: The existence and boundedness of the value function V and the 
optimal policy functions c(q, A) and s(q, I.) as well as the concavity of V as a 
function of its first argument follows from Prescott and Mehra [27]. The 
differentiability of V can be shown in the manner of Harris [ 141. Finally, 
assumptions Al, A3 and A4 are sufficient to guarantee that assumptions 1 
through 6 and 10 of Blume et al. [3] are satisfied. Hence by the application 
of their Theorem 3.1 we can conclude that the policy functions c(q, A) and 
s(q, 2) are continuously differentiable. 1 

The economy considered in this section satisfies all the assumptions of 
Prescott and Mehra [27]. By their analysis, we know that an optimal 
allocation can be supported as a competitive equilibrium. The salient feature 
of this result, from our viewpoint is that it allows us to conclude that the 
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optimal policies of problem (P) are also the aggregative policies of a decen- 
tralized economy in recursive competitive equilibrium. This allows us to 
interpret our results outside the strict domain of a centrally planned 
economy. 

III. POLICY FUNCTIONS: PROPERTIES 

In this section we investigate further properties of the optimal savings/ 
consumption policies. Besides being of interest in their own right, these 
results will also be important for subsequent convergence arguments. 

The nature of savings dependence on the random shock realization is first 
considered. Such dependence is to be expected as the current shock 
realization provides information as to the distribution of future output states. 
As will be apparent, however, this information may alter savings behavior in 
different ways according to the representative agent’s degree of risk aversion. 

Under our assumptions on the structure of the random shock transition 
density, if the representative agent is “sufficiently” risk averse it is found that 
the greater the value of the current shock, the more that is consumed and the 
less that is saved from a fixed output level. Conversely, an agent who is less 
risk averse, or who “tends to risk neutrality” will display the opposite 
behavior: the greater the current shock, the greater the savings and the less 
the consumption, again from a fixed output level. 

To see why this is so, first recall that if we define the sequence of approx- 
imating value functions fV”(q, A,)} recursively by 

and if c”(q, 1,) is the optimal solution for V”(q, A,), then cn(q, A,) converges 
pointwise to c(q, A,), where c(q, A,) solves V(q, A,) (cf. Eq. (1)). Thus certain 
properties, if displayed for all c”(q, A,), n sufficiently large, will be inherited 
by the optimal policy function c(q, A,). In this light we have Theorem 3.1: 

THEOREM 3.1. For all q > 0, 12 < 1, < j, &(q, A,)/& > 0 (( 0) 
(equivalently h(q, A,)/& < 0 (> 0)) p rovided, for some N, and all n > N, 
w-‘(f(q - c,) A, A) n/u < 0 (> O).’ 

Proof For every n, c” = c”(q, 2,) satisfies the following equation: 

’ The existence of the derivative &(q, ,$)/&I, is ensured by Theorem 2.1. 
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Differentiating with respect to 1, yields 

=@“(s-c”)( -g j V:-‘(f(q-c”)1,+,,~,+,)1,+,dG(1,+,;~,) ( ) 
+P[f’(q-c”)l’ i-g) j v:;‘df(cl-c”)~t+,,jl,+l)~:+1dG(~I+,;II) t 
+!z Calhfwc”) [ j {~:-~(f(q-c”)~,+,,~,+,)~,+,} 

. dG(1 ~+,;~I+E)--G(~I+~;I,) . 
I 

The sign of this latter limit (which exists by assumptions A.l, A.24 and A.3) 
clearly determines the sign of &“(q, A,)/&. Furthermore, the limit will be 
negative (and thus &“(q, A,)/%$ > 0) provided aVT-‘df(q - c”) ,I,+, , A,, ,) 

4, I/%, 1 < 0, and conversely. 1 

The behavior of the consumption/savings policies thus rests on the nature 
of the dependence of the family of functions (V:(f(k), A, ,I)L) on 1. In 
particular, if aV;(f(k) 1, A) A/81 < 0 for n > N, then k(q, ,I,)/~,$ > 0 
(ad(q, n,)/aJ, < 0). To see how this result is related to the agent’s relative 
risk aversion, consider the case of P”(f(k)A, At)A: since V:(f(k)A,A) = 
u’(m) A>> 

for all k > 0 if and only if u”(c) c/u’(c) < -1, for all c > 0; that is, if u( ) 
displays a “sufficiently” negative degree of relative risk aversion. By the 
construction of the V”(q, A,) functions, the degree to which Vt(f(k) A, A) 1 
rises or falls as a function of A substantially imposes the same behavior on 
Vy(f(k) A, A) A, for all n. In general, the precise relationship is complex, but 
the essential point is that if u(c) displays sufficiently negative relative risk 
aversion, the negativity of aV:(f(k) A, A) A/C% will be inherited by 
(Vy(J(k) A, A) A} for all n > 0. 

Theorem 3.1 is dramatically illustrated for the family of preferences 
defined by u(c) = (cy - 1)/y. Indeed, for y < 0 (corresponding to 
U”(C) c/u’(c) < -l), it can be shown that &(q, ~,)/LLl, > 0 Vq, A,; similarly, 
for- y > 0 (u”(c) c/u’(c) > -1) Lk(q,L,)/iU, < 0, Vq, A,. For the y= 0 
(u(c) = log c) case, the optimal savings/consumption policies depend only 
upon current output, ignoring the shock realization value altogether. 
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All this enjoys an appealing intuitive explanation. Our results show that 
highly risk averse agents will effect savings policies which tend to stabilize 
output and thus consumption. Knowing that a low shock realization is likely 
(for large shock correlation) to be followed by one similarly low, a highly 
risk averse agent saves more the lower the shock, thereby hoping to 
moderate any further potential output (and thus consumption) decline next 
period. An analogous argument applies when the current shock is high. Less 
risk averse agents will display the opposite sort of behavior. 

While we have been unable to prove, simply, the concavity (convexity) of 
the savings (consumption) function our second result demonstrates that, for 
fixed A, the proportion of output going to savings (consumption) falls (rises) 
as the level of output increases. This property is empirically observed and 
follows principally as a consequence of our next lemma.4 

LEMMA 3.1. Let p(y) > 0, h(y) >, 0 be twice continuously dtfirentiable 
functions on (0, co) for which h’(y) < p’(y) < 0 and lim,,, h(y) = 

limyrO P(Y) = 00; lim,, 00 P(Y) = lim,,, h(y) = 0. Suppose also that 
p(y)/yp’(y) is either constant or monotone decreasing as y t-+ co and that for 
any interval (El, M), 2 > 0, A4 < co, and any yl, y2 E (E; M), there is an Nfor 
which 

I I h’(YJ > N 

P’(Y*) 
and - iv- 1 > P”(Y,) 

A4 IP’ol’ 

Then for any interval (E, M), E > 0, tf a(y) > 0, b(y) > 0 are d@erentiable 
functions defined on (E, M) which simultaneously satisfy the equations 

pMy>> = W(y)) and a(y) + b(y) = Y, 

we may conclude (a(y)/y) T as y T and (b(y)/y) 1 as y T on (E, M). 

Remark. The a(y) and b(y) of the lemma will subsequently 
(Theorem 3.2) be identified with c(y, A) and s(y, ,I), respectively. The idea of 
the proof is to relate the desired properties of a(y) and b(y) to properties of 
the inverse functions of p( ) and h( ). 

Proof: Let the interval (E, M) be given. To show that (a(y)/y) T as y T 
(equivalently, (b(y)/y) 1 as y T) on (E, M), t i is sufficient to demonstrate that 
a’(y)/a(y) > b’(y)/b(y), y E (a, M). To obtain this latter conclusion, we 
examine the inverse functions of p( ) and h( ) denoted, respectively, by fi( y) 
and L(y). By the inverse function theorem these functions are defined and 
continuously differentiable on (0, co); by definition, they satisfy p(p(y)) = y 

4 By empirically we mean that numerical solutions to problem (P) always exhibit savings 
functions with this property. 
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and h@(y)) = y for all y in (0, co). With p(y) > 0, p’(y) < 0, and p(y)/@(y) 
constant or decreasing, it must be that l/yp’(y) decreases as yt-+ co. Since 
for any y E (0, co), y = p(y) for some y E (0, co), this is equivalent to 
asserting that @‘(y)/fi(y) decreases as y +-+ 0 (p^‘(y)/p^(y) = l/yp’(y), where 
y = p(y)). By definition of the inverse function, Vy in (0, co), 

equivalently, 

p^‘(P(Y))P’(Y) = QMYN h’(y); 

B’(P(Y))P’(Y) = h^‘(WY)) h’(Y) 
@(P(Y)) @(y)) * 

But as h’(y) < p’(y) < 0 on (0, co), we may conclude 

B’(P(Y)) W(Y)) 

B(P(Y)) < -mm- 
on that interval. 

There are three cases to be considered: (i) p(y) > h(y) for all y in (0, M); 
(ii) there exists a y,, in (0, M) such that p(y,) = h(y,) for which p(y) > h(y) 
for y > y0 and p(y) < h(y) for y < y,, (see Fig. 2); and (iii) p(y) < h(y) for all 
y in (0, M). 

We first consider case (i). Since p(y) > h(y) > 0 on (0, M) and $‘(y)/$(y) 
decreases as y decreases, 

@‘(h(Y)) W(Y)) 
m(Y)) <mm- 

for y E (0, M). 

h($ = 

FIGURE 2 
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As p^(Y>9 k(Y) are continuously differentiable, and as 
lim yctoo (fi( y) + 6(y)) = 0, for any y in (E, M) there must exist a y^ = g(y), 
differentiable, for which p^(y^(y)) + &f(y)) = y; define a(y), b(y), therefore, by 
$( f(y)) = a(y) and /;( f(y)) = b(y). Differentiating, we have 

fi’(y^(Y)) 9’(Y) = U’(Y) and wtYw(Y) = b’(Y). 

Since jY( y)/& y) < l’(y)/& y) and since g’(y) < 0, 

Equivalently, a’(y)/a(y) > b’(y)/b(y), for y E (E, M) as desired and case (i) is 
complete. 

For case (ii), the above analysis can be immediately adapted to consider 
the subcase for which p(y) > h(y), y > y0 and thus gives our desired 
conclusion for the subinterval (2y,, M); if 2y, < E we are done as well. If not, 
we next consider the region (0, yO) on which p(y) < h(y). By continuity, there 
exists a y for which p”( 3 + li( y7 = E, and consider the interval (Z, M), where 
.C= fi( ~7. Let N be specified for this interval (E; M). By assumption 

P”(Y,) 
(N- 1) > ,p’(y*), M VY, 7 Y2 E (6 w. 

But for any y & y’ for which p^( y), f;(y) < yO, M > 1 p^( y) - i$ y)l. Thus for 
any yl, y2 E (6 W, Y Q Y such that B(Y) < y. 

N> 1 +~lfitr)_~(~)l~ 

Furthermore, by assumption 

I I $fj > 1 +~l~tY)-b(Y)l 

or 

Ih’(Y*)l > IP’(Y2l + P”(YJ Id(Y) - h (̂YI. 

Since y2 is arbitrary in (C, M), we could as well write 

I h’(f;(Y))l > I P’(f;(Y)l + P”(Y,) Ii(Y) - f;(YI. 

By the mean value theorem we know there is a 9, E (6 M) for which, for any 
Y~Y<.E,B(Y)<YO9 

I P’MY))I = I P’(4Y))I + P’Vl) IB(Y) - QYI* 
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But, since y, is arbitrary, we may also write 

I w$Y))l > I P’(QY))l + P”W lb(Y) - 4Y)L 

from which we may conclude 

I h’(h^(Y))l > I P’WY)IY 
or 

W(Y)) < P’MY)) 
and thus 

p”‘(Y) < hY) for Y E (~4h>A. 

But this implies 

B’(Y) Q(Y) 

-<I;(y) p”(Y) 

for all y for which y > g(y) > E and y > 6(y) > E; and our result follows. 
Case (ii) follows analogously. 1 

THEOREM 3.2. Let f”(r) < u”(y) < 0 on (0, KI) and suppose u( ) 
displays constant or declining relative risk aversion. Let M be some number, 
0 < M < sup, f (z)x. Suppose also that for any E, 0 < E < M, there exists an 
Nfor which 

N - 1 > I”’ 
M I’ 

VY, 7 Y2 in (E, M). 

Then, V&, thy Wq) 1 as q T, and (c(q, 4)/s) T as q T, for q E (E, M). 
Proof: For arbitrary fixed A,, the optimal savings and consumption 

policies satisfy the familiar first order condition 

u’@(q, At)) =@-‘(St% A,)) j u’(C(f(s(q, A,)) A,,, , A,+ 1)) A,,, dG@,+ I ; I,). 

By construction, s(q, A,) + c(q, A,) = q, V(q, A,), with s(q, A,), c(q, A,) both 
increasing functions of q. Thus ( u’(c(f(s(q, A,)) A,,, , A,, 1)) A,,, dG@,+, ; A,) 
is itself declining as a function of q for fixed A,. Using the notation of 
Lemma 3.1 make, for fixed A,, the following identifications: 

P( )=u’( )9 h( )=Pf’( )~Wf( )n,+,,n,+,))n,+,dG(~,+,;~,), 

4% 4) = a(y), S(Y, &I = b(y). 
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Clearly, p(y) > 0, h(y) > 0, p’(y) < 0, h’(y) < 0, and the various limit 
conditions are satisfied. Since yu”(y)/u’(y) is either constant or increasing as 
Y+-+ 00, then u’(Y)/P”(Y) is either constant or decreasing as y t-+ co. 
Therefore, by our identification, p(y)/@(y) is either constant or decreasing 
as yt+co. It remains to show that h’(y) < p’(y) < 0 and that 
1 h’(y)/@(y)1 > N on (E, M). Represent h(y) as h(y) = f’(y) L(y), where 
L(y)=Plu’(c(f(y)1,+,,~,+,))1,+,dG(~,+,;I,). Now, for any K> 1, we 
may, without loss of generality, assume L(y) > K, Vy in (8, M). This is due 
to the boundedness of f( ) and thus also of f( ) 1 which allows us to assert 
that Vt, there exists a consumption level C such that c, < f. By scaling u( ) so 
that u’(F) > K (and in no way altering preferences) we can ensure L(y) > K, 

h’(Y) = f”(r) Jw + f’(Y) L’(Y) < f”(Y) < u”(Y) = P’(Y)* 

Furthermore, for any interval (E”, M), E’ > 0 and any y E (E’, M), 

f”(r) L(Y) + f’(r) L’(Y) f “(I4 
p’(y) 

P’(Y) 

Vy. As a result, 

Now on any interval (6 M), inf,If”(y)/p’(y)l = P > 1. Without loss of 
generality, choose the scale factor K so that KP > N. Thus, by an 
application of Lemma 3. I, we may assert (c(q, Q/q) T as q T, (s(q, A,)/q> 1 

as q T, for fixed A,, arbitrary, and q E (E, M). 

Remark. The assumptions of constant or declining risk aversion lower 
bounds u”‘(.)/\u”(.)l. I-I owever, this is not inconsistent with our assumption 
in Theorem 3.2 since K and hence (N - 1)/M can be made arbitrarily large. 
Taken together, Theorems 3.1 and 3.2 suggest that the savings functions 
assume the general forms of Fig. 3. 

Three comments are in order. First, the conclusions of Theorem 3.2 
support what is observed-as nations become wealthier, they typically save 
(invest) a smaller fraction of their national output. 

Secondly, given the complexity of the first order condition, it is indeed 
fortuitous that the restrictions on preferences (A.3) can be so conveniently 
expressed as restrictions on the agent’s measure of relative risk aversion. 
Furthermore, the restriction that u”(.) > f”(.), while clearly too strong (in 
simulation work with a large class of functional forms, the conclusions of 
Theorem 3.2 are observed without this restriction being satisfied), is 
nevertheless not unnatural. A chief distinction between stochastic growth 
models such as the one studied here, and their certainty analogue, is the 
influence of preferences in determining the steady state. It is then reasonable 
to expect that joint relationships between preferences and technology would 
influence the form of the savings function. 

642/29/2-l 
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Lastly, we point out that the arguments of Lemma 3.1 and Theorem 3.2 
could equally well be applied to settings for which Iz is i.i.d. through time (as 
is done in Danthine and Donaldson [9]). In particular, if the random shock 
is assumed to impact preferences (i.e., u(.) = u(c,, A,), 1, i.i.d.), the resultant 
dependence of the savings function on I,, s = s(q,, A,), also requires the 
additional structure provided by the conclusion to Theorem 3.2 in order to 
generate convergence (see, once again, Danthine and Donaldson [ 9 1). 

IV. CONVERGENCE 

We follow the approach of Mendelssohn and Sobel [21] as adapted from 
Feller [ 121. In order to prove that the stochastic process on output 
(equivalently, capital stock) converges to a stationary distribution on some 
unique finite interval [_4, q] ( correspondingly, some interval (_k, k]) it is 
sufficient to demonstrate that there exists only one “stable interval” (g, 41. 
This can be shown as follows. 

(i) Equicontinuity: the family of measures (&( )} defined by p,(q’) = 
( k(q, q’),u,-,(q), ,U~ given, is equicontinuous on [g, 41, where k(q, q’) is the 
density function of the stochastic kernel (to be defined) of the Markov 
process on output. 

(ii) Ergodicity of [g, Q]: intervals disjoint from [CJ, Q] are transient 
subsets of the process. 
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(iii) Irreducibility: the process is irreducible (to be defined) on [g, q]. 

It is easier to show that the Markov process on capital stock satisfies 
properties (ii) and (iii) and this is what we do. However, these properties 
then carry over, in a natural way, to the output process as well (see 
Section II for the capital stock/output correspondence). 

We now turn to a consideration of these issues. 

(i) Equicontinuify. The stochastic kernel K(q, q’) of the Markov process 
defined on aggregate output is defined by 

K(q, s’> = Pro%,+ 1 G 4’ I qr = d 

= Prob(f(s(q, 4>>4+ 1 < s’> 

= Prob(s(q,~,)~f-'(q'/13,+,)); 

it must be shown, as a preliminary first step, to be continuous. 
For a given q, aggregate savings s(q, A,) is one to one, monotonically 

decreasing and continuously differentiable as a function of A,. Thus 
sh’(q, A,), defined by the equation 

is continuously differentiable as a function of Jr. The stochastic kernel 
K(q, q’) may be represented by 

KG? * 4’) = I* ja dG(I, 
A,+,=d a,=s~‘(q.~,)(f-‘(q,/~,+,)) 

t+ 1; 4). 

Thus, 

k(q, q’) = aK&q’) 

1 

By the inverse function theorem d/dq’ (s;‘(q, A,)df-‘(q’/A,+ 1))) is 
continuous, while -dGO, t+, , sh’(q, A.,)(f -‘(q’/A,+ J) is continuous as it is 
the composition of continuous functions; the desired continuity follows. 
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Given the continuity of this density function, the equicontinuity of the recur- 
sively defined family of measures {,I+( )}, 

Ph’) = J k(q, q’)lut-,(qh 

with p, uniformly continuous, is easily proved on any closed interval [Q, t]: 
Let M = max,,t8,;, lu,,(q)l. By the recursive definition of ,ul( ), Vt, 

Mdl < ~4. Then 

M?) -P,Wl = J 43 q)Pu,-,(u) du - J” k(u9 @).4,(u) du 

< f I k(u, 4) - m 4’11 IPI- I( &I 

for some 6 sufficiently small to ensure 1q - q’ I < 6 3 I k(u, q) - k(u, q’)] < 
e/M, Vu. Such a 6 is possible as k( , ) is uniformly continuous on [A 41. 

(ii) Ergo&city of [_k, k]: equivalently of [q, 41. As mentioned earlier, we 
will alternatively work with the capital stock and output series. 

Focusing on the output series, we first note that the range of the stationary 
distribution on output has, thus far, not been defined. Our initial task, then, 
is to show this range is bounded above by some g < co (equivalently 
6 < co), and that it is not degenerate, that is 4 > 0 (equivalently & > 0), an 
issue considered in the following lemma: 

LEMMA 4.1. Let 4 be the upper bound on the stationary distribution on 
output. Then 0 < 4 < 00. 

ProoJ That 4 < co comes directly from the boundedness of the 
production technology. To show that 4 > 0, assume rather that for some 
E > 0, f(s(q, A)) L’ < q VA, L’, Vq E [0, E]. Suppose that at time t, qr < E, and 
consider some arbitrary evolution of output {qt+, ), n = 1,2,3,..., 
corresponding to some sequence of random shocks {,I,+,}. By the optimality 
condition, Vn, 

u’m+“~ A+,)) =Pf’Mqt+n~ 4+J)j u’wwt+.9 4+,>) 

.A (+n+,,~l+n+l))~l+n+,dG(~l+,+,;~,+.). 

Since VA I+n+l,f(s(qt+n,nI+,))A,+.+, <a+,,, we claim 3 a subsequence nk, 
k = 1, 2,..., for which 

U’M4r+nk9 Jv+nJ < 1 u’(c(f(s(q,+.,,~t+nk))~l+“X+l,~l+nl+l)) 
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To show that such a subsequence must exist with probability one, suppose, 
to the contrary that Vj > t, 

where by assumption, 

(ii) fCs(qj9 lj)) lj+ * < SjY “lj+ * * 

Furthermore, we may assume that J is as large as we like, so that the Aj+, 
coefftcients of the u’( ) terms on the right-hand side of (i) are as large as we 
like. To see this, note that our production technology f( )A may be 
rewritten, for arbitrary constant w  > 0 as ((l/o)f( )) oil. 

Such a procedure would leave the optimal consumption and savings policy 
functions unchanged so that Vo, Vq c(q, A) = c”(q, d), where the 
superscript w  indicates the solution to P with technology ((l/w)f( )) ~1. 

If & is chosen sufficiently large, then for a given small E > 0, such that 
J + E < 1, inequality (i) can hold if Vj > t, 

However, this occurs with probability zero. By the optimality condition, 
Eq. (2) thus implies that 

1 > L?Yw%+nk’ A+nJ’ k = 1, 2, 3 ,... . 

But this inequality would be violated if qt+,,, + 0 as nk -+ 03 since this 
implies s(q t+nkA+nk)-*O as nk+ ~0. I 

It would be convenient to be able to assert that q > 0 (& > 0), but this is 
not possible given our current structure. In order to secure a positive lower 
bound on output in the i.i.d. case, Brock and Mirman [5] require that 
positive probability be assigned to the lower bound on the (i.i.d.) random 
shocks. The analogous condition in our model would be to require 
dG@, A) > 0, a condition which would somewhat complicate our analysis. 

This issue of the positivity of the lower bound is exhaustively considered 
in Mirman and Zilcha [24], where they show that it is generally possible for 
the stochastic process generated by an optimal policy to have support on an 
interval with zero as an end point. However, as they also point out, (Mirman 
and Zilcha [24, p. 127]), the difficulty in securing an explicit example in 
which this is observed suggests that the phenomenon is largely pathological.s 

’ There is a sufficient condition in Brock [4] to exclude this problem in Mirman and Zilcha 
1241. It may be possible to extend this condition to the case of serially correlated distur- 
bances. 
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In this light, we will assume q > 0 (our argument may be adapted, however, 
to admit q = 0); equivalently-k > 0. 

It remains to identify q and 4 (equivalently _k and 6) and to ensure that the 
ergodic set is, in fact, -a closed interval. An analysis of these questions 
reduces to an examination of the capital stock transition function 
s(f(k,) A,, A,), where k,, , = s(f(k,) A,, I,). To identify, as our first task, k 
and _k, we need only eliminate the possibility that these transition functions 
cross for distinct values of 2, where, say, 1’ > A” > A”’ (see Fig. 4). Such a 
possibility cannot be a priori ruled out because of the properties of the 
savings function s(q,, A,). Although s(., .) is an increasing function of q, for 
fixed A,, it may be decreasing as a function of 1, for fixed q, (see 
Theorem 3.1) and it is not clear which effect dominates. Lemma 4.2 shows 
that the former effect in all cases dominates the latter; it forms the basis of 
Theorem 4.1 to follow. 

LEMMA 4.2. Under assumptions A. 1-A.4, for any A,, A,, and k, such 
that I, > A1 we have s(f(k) A.,, A,) > s(f(k), AI, A,), provided L is suflciently 
small (see A.1 for the definition of L). 

Proof: Since, by assumption, g > 0 and since consumption is an 
increasing function of output, there is a _e such that c, >_c Vt. Hence by A.3, 
3 an M such that -u”(c,) < M Vc,. 

kttl 

FIGURE 4 
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Given a A,, c( d(k),I,, A,) and s(f(k)A,, A,) are defined by: 

Consider a shift from A., to A, ; if the conclusion to the lemma were not to 
hold, for this I,, then 

and 

c(f(k)1*,1,)~cdf(k)l,,1,)+f(k)(~,-1,). 

By the assumption on u”( ), 

u’wv) 4 3 4)) - u’wv) h,h)> z Mm)(& -n,), 

or 

(k, is the initial capital). 

and VA,, A,,, , we may assume that 

u’(cdf(s(f(k>n,,n,))n,+,,n,+,))~u’ f =M,. ( ) 
Lastly, 
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To arrive at a contradiction, it is suffkient that 

or 

or that 

Choose L ( q/2 iI4//3M,M,& contradiction. Therefore, (3) cannot hold and 
the lemma is-proved.6 1 

Lemma 4.2 thus allows us to identify E with 1 and _k with 4: _k = 
s(f(k) J, & and k = s(f(&) 1, i). 

6 Notice that M, , M,, /?, q/2, and M are all independent of the shock transition structure as 
they are either independent parameters or are determined by the analogous certainty problem 
with 1, = 1. 
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It remains to show that _k and k identify an ergodic set which is a unique 
interval. For example, if the transition function were to have the shape in 
Fig. 5. the process would evolve into one of two distinct ergodic sets 
([_k’, /?‘I or [_k*, k*] (see Fig. 5). Rather, conditions must be imposed to 
ensure that this family of functions conforms to one of the forms in Figs. 6 
and 7. In each of these cases the ergodic set will be a unique interval. 

%+1 

kt 
FIGURE 6 
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FIGURE 7 

At this juncture the results of Theorem 3.2 become useful. Knowing that 
s(q, I)/q 1 as q T will enable us to show that the transition functions must 
essentially conform to the pattern suggested by Fig, 6-that for each L, 
sdf(k)n, A) crosses the 4Y line only once. Strictly speaking, however, 
Theorem 3.2 is not necessary-patterns (5) and (7) above can be eliminated 
in a manner identical to that given in Danthine and Donaldson (1981i). 

LEMMA 4.3. Under the assumptions of Theorem 3.2, for each I, there 
exists exactly one k = k, at which s(f (k,), I) = k,. 

ProoJ Since, for any 1, f(k) L is concave and bounded as a function of 
k, f (k) I/k 1 as k T and thus f ‘(k) 1 ( f(k) I/k. Similarly since s(q, A)/q 1 as 
q T, s’(q, A) q < s(q, A). Letting q = f(k) J in the preceding inequality, yields 

s’(.f(k)U) f(k)A < sdf(k)J,~), 
and thus 

f(k) A 
s’df(k)n,n)f(k)n[f’(k)nl <sCf(k)~v~) k 7 [ 1 

or 

or 

s’(f (k) I, A) f ‘(k) Ak < s(f(k)U), 

s’(f(k)~,~)f’(k)l.k-sdf(k)~,~) <o 
k2 

9 
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or 

Thus, Vk > 0, sdf(k) 1, A)/k 1 as k T VA, and 

s’(f(k) 1, A) f’(k) A < s’(k; ” ‘) . 

For a given 1, let kl be the smallest k such that 

sdf(kl) &I) = kx, 

or, equivalently, for which 

s(f(kn> &xl = 1 
kx 

But, since 
.  I  

s’df(kl)&~)f’(k,)~ <slf(k;;n’n)= 1, 

and since 

“‘(kLrl’ ‘) 1 as k T , then Vk > kA 

$ [s(f(k)k x)1 < 1. 

But this ensures that once sdf(k) 1, A) crosses the 45’ line, which has slope 
one, it can never cross it again and the Lemma is proved. I 

Assured that the transition function satisfies the pattern suggested by 
Fig. 6, it is routine to demonstrate that the ergodic set of the Markov process 
on capital stock is the closed interval [&, i], where _k = s(f(k) &, 4) and I? = 
s(f(r;) I, ii). 

THEOREM 4.1. If [k,, k,l n k il is empty then [k, , k2] is a transient 
subset of the Markov process on output. 

Proof. Suppose that [k,, k,] lies to the right of [_k, k] and that, for some 
time t, k, = k, E [k,, k2]; we must show that the process passes out of 
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[k,, k2]. Consider any sequence {A I+n }, n = 1,2 ,... and form the sequence 
k t+n and I;r+n defined, respectively, by 

k t+n=S(f(kt+.-l)11t+,-1,~t+,-,), 

I;,,, = ef(~,+,-,)~9 a, k,=l;,=k,. 

By Lemma 4.3, Vn, k, + n ( & + n. By construction, however, I& + n + k; so that 
for some N, kt+, < k, with probability 1. Thus [k,, k2] is a transient set of 
the process. A similar argument can be made for intervals [k, , k2] to the left 
of [_k,C]. I 

By direct analogy, the ergodic set of the Markov process on output is 
given by [g, 41 where 4 = f&) J and 4 = f(l) 1. 

(iii) Irreducibility. We have to show that any open set A c [k, k] can be 
reached from any point k, E [_k, I$] in a finite number of steps with positive 
probability. This makes explicit the notion of irreducibility. 

THEOREM 4.2. The Markov process on capital stock is irreducible on 

14, iI. 

ProoJ Pick an open subset A = (k,, k,) G [_k, i], and a point k, E [_k, k], 
k, @GA. Since A is open, for some I$ E A, we can find a neighborhood 
J(& E) = (i - E, k  ̂+ E) such that J(& E) c A and thus k  ̂- E > k, . Consider 
the following set 

J”(r;, E) = {A: Q(k) L, A) = k for some k E J(l, E) }. 

By our assumptions on the transition function for ,I, for any Lo, 

I dG(rZ; 2”) =/I > 0, 
J-ICE&) 

and 

Suppose that at some time t, k, = k,, and for each A E J*(& E), consider the 
sequence {k:,,}, n = 1,2,3,... defined by kf+,, = s(f(kf+.-,) 1, A); kf+, = 
sdf(k,) &A). For each L, there is a T(n) such that for n > T(L), kf+ ,, 2 k, , 
and let T* = SU~~~~~(~,+){T(J)}. By construction, T* < co. Thus, 
Wt + T* EAIkt=ko)>$T*.,u>O. 1 



STOCHASTIC GROWTH 307 

Once again, by direct analogy we may also assert that the Markov process 
on output is irreducible on [9, q] as defined earlier. Thus, the economy will 
evolve to the same asymptotic stationary state (distribution) on output 
irrespective of the initial output value; similarly for capital stock and 
consumption. Our convergence argument does not, in its overall thrust, differ 
substantially from that of the i.i.d. case. As mentioned earlier, the restrictions 
on relative risk aversion and the requirement that f "(7) < u"(y) Vy > 0 are 
unnecessary (as the results of Theorem 3.2 are unnecessary for convergence 
of capital stock). They were included for other purposes. Thus, A.1 is the 
only assumption which of necessity differs substantially from the i.i.d. case. 

V. EFFECTS OF CHANGES IN INFORMATION ON CONSUMPTION/SAVINGS 
POLICIES 

This section could equally well be entitled “effects of changes in expec- 
tations on consumption/savings policies.” It considers the issue of how 
changes in the conditional distribution function G&+, ; A,) affect the 
stationary consumption/savings policies. Two representative changes are 
considered. In the first we examine the effects of “greater persistence” such 
as would be suggested by, in the discrete case, a shift in the transition matrix 
as indicated below: 

The second considers the effects of uniformly more favorable expectations; 
that is, a shift in G(&+, ; A,) from G’(A,+, ; A,) to G’(&+, ;J,), where 
G2@,+ 1 ; 1,) stochastically dominates G’(&+ 1 ; 1,) for all AI E [A, 11. 

These considerations are meant to be illustrative of one of the principal 
contributions of this study: If a certain qualitative change in savings 
behavior is desired, one may seek those changes in expectations (as 
summarized by the stochastic kernel or transition matrix of the random 
shock) necessary to induce such an effect. In this way one could, for 
example, construct a simple theory to describe the effects of changes in 
government policies, via their corresponding expectational effects, on 
aggregate private consumption/savings behavior. Rather than precisely 
formalizing our results, we limit ourselves to a discussion of our conclusions 
and the intuition behind them. 

First consider the issue of greater persistence. It is difficult to describe 
such a shift in a simple way. For the discrete case, one could formalize a 
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shift from G’(A t+ r ; A,) to G2(AIk r ; A,), where G*(A,+ 1 ; A,) illustrates the 
greater persistence by requiring VA, E [J, 11, 

Jw l+l=I,;n,=X,)<P,z(lZt+l=~I;rZI=;i,), 

p:@ t+, = 1; A, = It) > P# t+l=L; &=I,); vn,#:. 

For a continuous distribution, one could analogously require that for each 
1 E [A, 11, there exists a neighborhood @ - E, I+ E) s [d, j] (or, if I= ,I, a 
region [A, I+ E); if 1= j, a region (A - E, 11) such that VA,, , E (3 1 E, 
x + E). 

dG*(&+, ; &I > dG’@,+, ; It), 

dG*(&+, ; 1,) < dG’@,+, ; I,), I,, , e (1 - E, x + E). 

To get a feeling for the effects of such changes on the optimal policies, it 
is instructive to examine the effects at the boundaries 4 and j. Let s,(q, ,I) 
and s,(q, A) (c,(q, A); c,(q, A)) represent the optimal savings (consumption) 
policies associated with, r_espectively,- G’(A,+ , ; A,) and G*(A,+ , ; A,) as 
described above. Then s,(q, I) and ci(q, A) satisfy: 

~‘MQV 4)) = Pf’Mqt9 4)) J ~‘(QM?, , A,)) 

Xl l+~,IZI+l))~,+lG1(IZI+l; 4). For i= L2. 

Suppose I, = i; then 

I ~‘(Cldf(Sl(%, a> J 1+1,n,+,))n,+,dG’(1,+,;~) 

so that 

> u’(c,df(s,(s,,n))n,+,,n,+,))n,+, dG*@t+,; 1) I 

~‘(C1(4,, a) > Et-‘(SIG?,, a) J- ~‘(ClGf(sl(41, Q) 

XrZ ,+,,n,+,))n,+,dG*(~,+,;;lb 

But this suggests that s2(qt, 2) < s,(q,, I). Similarly, 

I ~‘(clu(sl(q,~ _n)) A ,+,,4+,))4+, @&+I ;J> 

< 1 ~‘(cldf(s,(qv 4)) At+,, 4+,)) A,,, dG’&Z,, , ; 41, 
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so that 

which implies s,(q,, 12) < s,(q,, 12) Vq,. Continuity considerations, together 
with these results (which could be duplicated for choices of random shocks 
distinct from J and I), suggest the existence of some 1 for which, Vq, 

&I, A) > s,(qv A), &Ad, 

G?r, 1) < S1(4r, n>v X<A<;i. 

This will have two effects, depending on agents’ degree of relative risk 
aversion (see Theorem 3.1). If agents are highly risk averse (and thus 
h(q, Q/&l, < 0) the following pattern might well be observed. (Fig. 8) 

Agents’ action thus reflect their altered expectations in a natural way. 
Under G’(13 1+ i ; A,), if the realization of the random shock were low, more 
(proportionately) would be saved; under G*(1,+, ; A,), since this low 
realization is believed more likely to persist, even more is saved. The 
corresponding phenomenon is observed for high realization. 

Alternatively, if &(q, 1,)/&l, > 0 (the case for less risk averse agents) we 
would observe (Fig. 9). 

s,( > 1 

s2( I 1 

,i) = 

FIGURE 8 
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FIGURE 9 

Dependent on agents’ risk aversion, these diagrams thus suggest that such 
informational changes can increase or decrease the variability of the 
stationary distribution of capital stock (and thus also of consumption and 
output). 

As can be easily checked, the effect of uniformly more favorable expec- 
tations is to reduce savings at all output levels, for all values of the random 
shock 1. The intuition for this result is clear. 

VI. CONCLUDING COMMENTS 

The object of this paper has been to extend the neoclassical stochastic 
growth model by introducing correlated production shocks. The analysis 
provides a more general framework to incorporate explicitly the role of 
expectations. Current decisions of economic agents, especially savings and 
consumption decisions, are typically dependent upon expectations of future 
economic conditions. 

In the context of the present model we can evaluate the effects of alternate 
expectational schemes on the stationary distributions of savings and 
consumption, in particular their means and variances. This has implications 
for policymaking since it provides the policy maker with a tool with which 
to “select” what expectations to induce in order to achieve a desired savings 
pattern. In particular one could test the impact of expectations induced by 
the various “constant policy rules” and see their effects on the stability of the 
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economy. One could even simulate the dynamics of the economy as it 
converges to equilibrium. 

Since it has been shown that the consumption-savings-investment 
policies of this economy are identical to those of a homogeneous consumer 
economy in recursive competitive equilibrium, one could examine the 
influence of expectations on risk premia and the risk structure of security 
prices. This will be discussed in a separate paper. 
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